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Abstract 

 
We are witnessing a flurry of emerging smart technologies, facilitating human existence in 

general, and in particular in organising and managing life in cities.  Establishing correct 

models of the environment, and producing a reliable mechanism for information association 

is an essential requirement for describing a technology as smart.  A very popular class of 

models nowadays is formed by artificial neuronal networks arranged as multilayered 

perceptrons.  The quality of a neuronal model depends essentially on the successful learning 

of the mathematical relation governing the information processing.  The learning in 

multilayered perceptron networks is achieved through numerical optimisation methods, being 

performed repetitively in large number of cycles.  Therefore, it is important to strive for a 

parsimonious use of computational resources.  In this work, we propose the use of the 

bilateral exponential function as the non linear sigmoid map in perceptrons.  This function is 

very similar in form to the usually employed sigmoid functions, such as the hyperbolic 

tangent.  Yet, the computation of the bilateral exponential function saves the computational 

effort of one special function computation, compared to the hyperbolic tangent.  In addition, 

gradient methods of machine learning require also the computation of the sigmoid function 

derivative.  Here again, the use of the bilateral exponential saves an additional multiplication 

operation.  Whilst it may appear trivial, one needs to be aware that the savings achieved in 

one neuron during one cycle of training are multiplied by the number of neurons times the 

number of cycles.  In practice, this may amount to an improvement of computational speed of 

orders of magnitude, when compared to the networks using a conventional sigmoid function.   

In this work, we describe the newly proposed function, we show its adequacy of performance 

when compared to the hyperbolic tangent and some other sigmoid functions, and we estimate 

the computational savings obtained by its use. 
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Introduction 
 

A prime model of artificial neurons has been the perceptron, proposed by McCulloch and 

Pitts in 1948.  In their work, the computation performed by the neuron has been modelled as 

a function performing a non-linear map on the linear combination of the inputs. [1] 

 

𝑦 = (𝑋) = 𝜎(𝑊𝑋 − 𝑊0)         (1) 

 

Although initially the hard switching has been used as the non-linear transformation, other 

non-linearities, involving smooth functions, so called soft sigmoids, have been used almost 

exclusively in the contemporary practice.  Although the most often used sigmoid function has 

been the hyperbolic tangent, other smooth sigmoids have also been tried.  In this work, the 

authors propose yet another soft sigmoid function, called bi-lateral exponential function.  In 

the sequel, it has been shown that this newly proposed function has similar properties as the 

sigmoid functions that are already in use.  However, due to its modular construction, it may 

offer some advantages in being more adjustable and adaptable to some special applications.  

As a basis for modeling neural systems, they proposed models of neurons in the form of 

binary boundary devices and stochastic algorithms that include instant changes from 0 to 1 or 

from 1 to 0 in the output of the neurons. The results of Rumelhart, Hinton, and Williams [2], 

dealing with the development of training algorithms for multilayer perceptrons, changed 

significantly the state of development of neural networks. Their basic method, often called 

the generalized delta rule for backward propagation learning, provides an effective training 

method for multilayer networks. Although it cannot be shown that this training algorithm 

converges to a solution in terms of analogous proof for a single-layer perceptron, the 

generalized delta rule has been successfully used in a number of problems of practical 

interest. This success established perceptron-like multilayer machines as one of the major 

neural network models currently in use. [3]  

The application of neural networks is very broad, there is almost no area in which they have 

not played a key role in the functioning of automatic control systems, object recognition, 

decision systems and many other areas that we are surrounded by.[4] 

 

Comparative analysis of the sigmoid functions 
 

The sigmoid functions tested in this work are presented below.  It has been shown that all the 

sigmoid functions presented here have essentially the same behaviour as to the function 

domains and ranges, the asymptotic behaviour.  It has also been shown that, whilst the form 

of the first derivative, which is necessary for implementing the error gradient back 

propagation optimisation algorithm for multi layer perceptron networks, the behaviour of the 

second derivative may differ significantly.  

 

Together with the formulae related to these sigmoid functions, the graphs of the sigmoid 

functions together with the graphs of their first derivatives have also been presented. [5] 
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The following sigmoid functions have been tried: 

 

1. Bi-lateral exponential function  

 

𝜎1(𝑥) = 𝑠𝑔𝑛(𝑥)(1 − 𝑒−|𝑥|) = {
1 − 𝑒−𝑥 𝑥 ≥ 0
𝑒𝑥 − 1 𝑥 < 0

    (3) 

 
𝜕𝜎1(𝑥)

𝜕𝑥
= 𝑒−|𝑥| = {

𝑒−𝑥 𝑥 ≥ 0
𝑒𝑥 𝑥 < 0

       (4) 

 
𝜕2𝜎1(𝑥)

𝜕𝑥2 = −𝑠𝑔𝑛(𝑥)𝑒−|𝑥| = {
𝑒−𝑥 𝑥 ≥ 0
𝑒𝑥 𝑥 < 0

     (5) 

 

𝜎1(𝑥) = 0 𝑙𝑖𝑚
𝑥→+∞

𝜎1 (𝑥) = +1 𝑙𝑖𝑚
𝑥→−∞

𝜎1 (𝑥) = −1     (6) 

 
𝜕𝜎1(𝑥)

𝜕𝑥
> 0 𝑙𝑖𝑚

𝑥→+∞

𝜕𝜎1(𝑥)

𝜕𝑥
= 0 𝑙𝑖𝑚

𝑥→−∞

𝜕𝜎1(𝑥)

𝜕𝑥
= 0     (7) 

 

 

Figure 2: Bi-lateral sigmoid and  its derivative 

 

 

2. Hyperbolic tangent function 

 

𝜎2(𝑥) = 𝑡𝑎𝑛ℎ(𝑥) =
𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥
        (8) 

 

𝜕𝜎2(𝑥)

𝜕𝑥
= 1 − 𝑡𝑎𝑛ℎ2(𝑥) = 1 − 𝜎2

2(𝑥) = 1 − (
𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥)
2

    (9) 
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𝜕𝜎2
2(𝑥)

𝜕𝑥2 = −2𝜎2(𝑥)
𝜕𝜎2(𝑥)

𝜕𝑥
= −2𝜎2(𝑥)(1 − 𝜎2

2(𝑥)) =

= 2𝑡𝑎𝑛ℎ3(𝑥) − 2𝑡𝑎𝑛ℎ(𝑥) = 2 (
𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥
)

3

− 2 (
𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥
)
    (10) 

 

𝜎2(𝑥) = 0 𝑙𝑖𝑚
𝑥→+∞

𝜎2 (𝑥) = +1 𝑙𝑖𝑚
𝑥→−∞

𝜎2 (𝑥) = −1      (11) 

 
𝜕𝜎2(𝑥)

𝜕𝑥
> 0 𝑙𝑖𝑚

𝑥→+∞

𝜕𝜎2(𝑥)

𝜕𝑥
= 0 𝑙𝑖𝑚

𝑥→−∞

𝜕𝜎2(𝑥)

𝜕𝑥
= 0      (12) 

 

 

3. Arc tangent function 

 

𝜎3(𝑥) =
2

𝜋
𝑎𝑡𝑎𝑛 (

𝜋

2
𝑥)         (13) 

 
𝜕𝜎3(𝑥)

𝜕𝑥
=

1

1+(
𝜋

2
𝑥)

2         (14) 

 

𝜕𝜎3
2(𝑥)

𝜕𝑥2 =
−2(

𝜋

2
)

2
𝑥

(1+(
𝜋

2
)

2
𝑥2)

2         (15) 

 

𝜎3(𝑥) = 0 𝑙𝑖𝑚
𝑥→+∞

𝜎3 (𝑥) = +1 𝑙𝑖𝑚
𝑥→−∞

𝜎3 (𝑥) = −1      (16) 

 
𝜕𝜎3(𝑥)

𝜕𝑥
> 0 𝑙𝑖𝑚

𝑥→+∞

𝜕𝜎3(𝑥)

𝜕𝑥
= 0 𝑙𝑖𝑚

𝑥→−∞

𝜕𝜎3(𝑥)

𝜕𝑥
= 0      (17) 

 

 

 
Figure 3: Hyperbolic tangent and its derivative 

 

 

4. An algebraic function involving square root 
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𝜎4(𝑥) =
𝑥

√1+𝑥2
         (18) 

 
𝜕𝜎4(𝑥)

𝜕𝑥
=

1

(1+𝑥2)√(1+𝑥2)
=

1

(√(1+𝑥2))
3 =

1

(1+𝑥2)
3
2

     (19) 

 
𝜕𝜎4

2(𝑥)

𝜕𝑥2 =
−3𝑥

(1+𝑥2)2√1+𝑥2
=

−3𝑥

(1+𝑥2)
5
2

      (20) 

 

𝜎4(𝑥) = 0 𝑙𝑖𝑚
𝑥→+∞

𝜎4 (𝑥) = +1 𝑙𝑖𝑚
𝑥→−∞

𝜎4 (𝑥) = −1     (21) 

 
𝜕𝜎4(𝑥)

𝜕𝑥
> 0 𝑙𝑖𝑚

𝑥→+∞

𝜕𝜎4(𝑥)

𝜕𝑥
= 0 𝑙𝑖𝑚

𝑥→−∞

𝜕𝜎4(𝑥)

𝜕𝑥
= 0     (22) 

 

 

 
Figure 4: Arc tangent and its derivative 

 

 

 



 

ALFA BK UNIVERSITY 

FACULTY OF  INFORMATION AND COMMUNICATION TECHNOLOGY 

FACULTY O F COMPUTER SCIENCE 

ALFATECH 
Proceedings of Conference  

 

324 
ISBN: 978-86-6461-074-2 

 
Figure 5: Algebraic function involving square root and its derivative 

 

Numerical experiment with execution times 
 

The execution times have been tested for the four sigmoid functions mentioned above.  The 

numerical experiment has been conducted using the GNU Octave 6.2.0 environment for 

numerical computation, installed under Debian 11 operating system, on a PC computer 

having Intel i5 processor and 16 GB of RAM.   

 

The experiment consisted from the computation of the outputs of the four sigmoid functions 

for 1000 randomly generated values, with normal distribution with zero mean and variance of 

3.5.  The same input values have been used for all the sigmoid functions.  The experiment has 

been repeated 1000000 times, and the execution times have been averaged over all the 

repetitions.  In order to reduce the influence of the time overhead induced by GNU Octave 

system, the execution times have also been established, in the same manner, for the identity 

map, i.e. for function 𝑓(𝑥) = 𝑥 , which requires no numerical computation. [6] 

 

The results comprising the estimated computation times of the four sigmoid functions have 

been presented in Table 1. [7] 

Table 2: Execution times 

Sigmoid function 

Estimated 

computation 

times 

( in [𝜇𝑠] ) 

Naively implemented bilateral exponential 6.9 

Carefully implemented bilateral exponential 5.4 

Naively implemented hyperbolic tangent function 8.5 

Built - in hyperbolic tangent function 4.2 

Arc - tangent function 12.0 

Naively implemented algebraic function involving square root 8.3 

Carefully implemented algebraic function involving square root 5.9 
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The results show that, whilst the hyperbolic tangent function has the shortest computation 

times when the built-in version is being used, the bi-lateral exponential is not lagging by 

much, and is effectively the runner-up in the speed contest.  Another point to emphasise is 

that the naive implementation of the bi-lateral exponential function has the shortest 

computational time.  This may be a significant feature in cases when experiments are being 

conducted with machine learning, where the algorithms have not yet been optimised for the 

speed of execution. 

 

Conclusion 
 

The sigmoid function in the artificial neuron is an essential part in the process of the 

transformation of the input values into the corresponding outputs.  The properties and the 

performance of the sigmoid function influence significantly the performance of the machine 

learning process.  In this work, the authors have proposed a new form of sigmoid function : 

the bi-lateral exponential function, and compare it to other three well known sigmoid 

functions.  It has been shown that the basic properties of this newly proposed sigmoid 

function are essentially the same those of other, previously proposed sigmoid functions.  it 

has also been shown that the computational speed of the bi-lateral exponential function is 

comparable, and in some cases even greater, that that of the often used hyperbolic tangent 

function, whilst surpassing the computational speed of the other sigmoids.  The results of 

using the bi-lateral exponential function in multi layer perceptron neuronal networks are 

promising, and strongly suggest the need for further investigation. 
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